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ON EIGENVALUE ASYMPTOTICS FOR STRONG (5-INTERACTIONS 
SUPPORTED BY SURFACES WITH BOUNDARIES 

JAROSLAV DITTRICH, PAVEL EXNER, CHRISTIAN KUHN, AND KONSTANTIN PANKRASHKIN 


Abstract. Let S C be a C^-smooth relatively compact orientable surface with a sufficiently 
regular boundary. For ^ G M-f, let Eji^P) denote the jth negative eigenvalue of the operator 
associated with the quadratic form 

[[[ \Vu\‘^dx-13 [[ \ufda, 

JJJr3 JJs 

where cr is the two-dimensional Hausdorff measure on S. We show that for each fixed j one has 
the asymptotic expansion 

q2 

Ej {jS) = —^—h -|- o(l) as /3 —>■ -|-oo , 

where fiP is the jth eigenvalue of the operator —As + K — on L^{S), in which K and M are 
the Gauss and mean curvatures, respectively, and —As is the Laplace-Beltrami operator with 
the Dirichlet condition at the boundary of S. If, in addition, the boundary of S is C^-smooth, 
then the remainder estimate can be improved to 0{I3~^ log^). 


1. Introduction 

Schrodinger operators with singular interaction are often used to produce solvable models of 
various sorts and to study relations between spectral properties and the geometry of the interaction 
support. While the case where the latter is a discrete point set was an object of interest for more 
than three decades [T], relatively less attention has been paid to contact interactions supported by 
hypersurfaces in Euclidean spaces. The first general and mathematically rigorous analysis of such 
Schrodinger operators with interaction support of codimension one was presented in [^. However, 
it was only in 2001, when a wave of interest to these operators started, its initial point being the 
paper motivated by the fact that they can model semiconductor graph-like structures which, 
in contrast to the usual quantum graph theory [3], make it possible to take quantum tunneling 
into account. At the same time interesting mathematical questions appeared. For a summary of 
the work done in the following few years we refer the reader to the review paper and the recent 
papers 

A question of a particular interest concerned strong coupling situations, i.e. the asymptotic 
behavior of eigenvalues when the coupling constant P of an attractive singular interaction be¬ 
comes large. A technique was devised in [T5l[T6] which allowed to treat this problem for smooth 
curves F in without endpoints by a combination of bracketing technique and a use of locally 
orthogonal coordinates in the vicinity of the support. In this way an asymptotic expansion was ob¬ 
tained in which a universal divergent first term was followed by an eigenvalue of a one-dimensional 
Schrodinger operator with the potential —7^/4 where 7 was the curvature of F. An analogous 
result was later derived for a closed smooth surface S in in that case the comparison operator 
was two-dimensional and the curvature induced potential was K — where K and M were the 
Gauss and mean curvatures of S, respectively. We note in passing that similar asymptotic formulae 
can be derived also for more singular interactions such as those supported by curves in R^, i.e. 
manifolds of codimension two, see [13], or (5'-interactions supported by planar curves |T^ . 
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The method of m did not work, however, for manifolds with a boundary, or more exactly, it 
did work but it provided estimates too rough to characterize individual eigenvalues. The reason 
was that the used upper and lower bounds in this case yielded comparison operators with the 
same symbol but different boundary conditions, Dirichlet and Neumann. The conjecture was 
that the asymptotic formula still holds with the Dirichlet comparison operator. This claim was 
indeed found valid: in m it was proved for non-closed smooth finite curves T in by using 
bracketing in an extended neighborhood of T in combination with a convolution-type expression 
of the eigenfunction. The aim of the present paper is to solve the analogous problem for finite 
smooth surfaces in with a boundary. 

Let us describe the main results more rigorously. Let S' C be a C'^-smooth relatively compact 
orientable surface with a compact Lipschitz boundary dS. In addition, we suppose that S can be 
extended through the boundary, i.e. that there exists a larger C^-smooth surface S 2 such that 
S C S 2 , where S means the closure of S. We consider the quadratic form 

h{u,u)=[[[ \Vufdx-p [[ \ufda, Vih) = 

J J Jr3 JJs 

where tr is the two-dimensional Hausdorff measure on S. One can easily check (see [5]) that this 
form is closed in L^(]R^) and semibounded from below, and hence it defines a unique self-adjoint 
operator H in semibounded from below. In a suitable weak sense, the operator H can 

be interpreted as the Laplacian with the boundary condition = jdu on S, where [dvii] is the 
jump of the normal derivative on S, see e.g. [5] or m- Using the standard machineries one shows 
that the essential spectrum aessiH) of H is [0,oo) and that there is a finite number of negative 
eigenvalues i?i(/3) < £12 (/?)<..., cf. [5]. 

The embedding S' C gives rise to a metric tensor (gab) on S and to the contravariant tensor 
:= {gab)~^, and for the Hausdorff measure a we have da{s) = ^ds with g := det{gab)- We 
will deal with the operator Lg := —As + K — on S with the Dirichlet boundary condition at 
the boundary of S, with K and M being respectively the Gauss and mean curvature on S. More 
precisely, the operator Lg is defined as the unique self-adjoint operator acting in L‘^{S) := a) 

generated by the quadratic form 

Hq{S) {djU,g^'‘dku)L2(s) + {u, (K - M‘^)u)l2(s} , ( 1 - 1 ) 

where the Einstein convention for the indices is used. Due to the relative compactness of S in S 2 , 
both K and M are bounded on S, and the operator is semibounded from below and has a 
compact resolvent. We denote by , j G N, its eigenvalues enumerated in the usual way. 

The results of the paper can be summarized as follows: 

Theorem 1.1. Let S be as above (i.e. relatively compact with a Lipschitz boundary and extendable 
through the boundary), then for each fixed j G N one has 

Ej (/3) = — pf / 4 -|- pL^ -|-o(l) as p — y -boo. (1-2) 

If, in addition, S has a -boundary, then the remainder estimate can be replaced by 0{P~^ log/3). 

The two remainder estimates are obtained by different methods. The proof of m relies on 
the monotone convergence of non-densely defined quadratic forms [23], which is a new tool in 
comparison to the previous papers on ^-interactions. The proof is contained in Sections [2HS1 We 
note that the form convergence we use appears to be similar to that appearing in analysis of 
the strong coupling limit of operators — A -b Ayn, where yn is the indicator function of a set H, 
see m- It is known that the regularity of D in this problem plays an important role in calculating 
the convergence rate of such operators m- While the asymptotics gives the expected result, 
we have only a weak estimate of the error term. In order to obtain the same remainder estimate 
0{P~^ logP) as for closed surfaces, we are adapting to the present situation the technique used 
in [H, which is done in the second part of the paper, from Section Id.ll on. and which appears to 
be rather technically involved compared to the two-dimensional case. 
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2. First steps 

2.1. Analysis on thin neighborhoods. We remark that due to the properties of S we can pick 
an “intermediate” surface Si which is relatively compact, C'^, with a Lipschitz boundary, and such 
that S C Si C Si C S 2 - Furthermore, let 5'2 9 s i—>■ v(s) be a smooth unit normal on S 2 - 

It is a well-known fact of the differential geometry that for a sufficiently small a > 0, the map 

S'! X (—a, a) 9 (s, t) !->• F(s, t) = s + tu{s) G (2.1) 

is a diffeomorphism between Si x (—a, a) and its image and can be continued to the boundary. We 
introduce the following sets (we omit the dependence on a): 

Ui := F(S'i X {—a,a)), U := F(^S x (—a,a)). 
and consider the following two quadratic forms, 

h^{u,u):= Iff \\7u\^dx-[[ \u\^da, V{h^) = H^{Ui), (2.2) 

jJJui JJs 

h^{u,u):= JJJ \Vu\‘^dx-13 JJ V{h^) = H^{U), (2.3) 

and denote by Hi and the associated self-adjoint operators acting respectively in L?{Ui) and 
L^{U). In the sense of forms we have then the inequalities © (—Af^) < H < © (—A^), 

where — A)^ is the Neumann Laplacian in L^(IR^ \ ^i) and — A^ is the Dirichlet Laplacian in 
L2(R3 \ i7). As both -Af and -A^ are non-negative, to assess the negative spectrum it is 
sufficient to compare the negative eigenvalues of H with those of and which have both 
compact resolvents. 

Through the text, for a semibounded from below self-adjoint operator A we denote by Aj{A) 
its jth eigenvalue (provided it exists). Then the above consideration gives the inequalites 

A,(iJf) < Eiifd) = A,(iJ) < , 

valid (at least) for the indices j for which the right-hand side is negative. Using the above diffeo¬ 
morphism F we introduce unitary tranformations cj) and (pi as follows: 

(pi : L^{Ui) i^(5'i X {-a,a),dadt ), {(pif){s,t) ■= ^(l + fci(s)t)(l + fc 2 (s)t) f{F{s,t)) 

with ki and ^2 being the principal curvatures, and p is defined analogously with Ui and Si replaced 
by U and S. A standard computation, see e.g. liiin], shows that, in the sense of forms, one can 
estimate < piH^^pi^ and , where Bf^ and B^ are the self-adjoint operators, 

acting respectively in L^(Ei) := L'^{T,i,da dt) and Lp{F) := da dt), where 

El := Si X {—a, a), E := 5" x {—a, a), 
associated respectively with the forms and , 

bi{u,u) =(1 - Ca)(^{djU,g^''dku)L 2 (^,) + {u, {K - M'^)u)+ 119(1x1112(21) 

-P JJ^\u{s,0)\'^da - Ca\\u\\l 2 ^^^) - C (||ii(s,-a)|% |ix(s, a)|^)dcr, 

P(6f)=ifi(Ei), 

b^{u,u) =(1 + Ca){{djU,g^^dku)L 2 {T.) + {u, (K - + ||9t?x|||2(2) 

-P JJju{s,0)\^da + Ca\\u\\l2^^), 

V{b^)=Hl{F), 

where C > 0 is independent of a and p. We remark again that Bi and B^ have compact 
resolvents, and we arrive at the inequalities 

A,«)<A,(iJ)<A,(i?^) if A,(i?^)<0. (2.4) 

The sought asymptotic expansions will arise from estimating the both bounds of (12.41) which we 
will do in the subsequent sections. 
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2.2. Separation of variables and upper bound. The upper bound of in terms of is 

relatively easy, and the right-hand side of (El was in fact already estimated in [10]. We repeat 
the construction here for the sake of completeness: 

Lemma 2.1. Assume that S has a compact Lipschitz boundary, then for any fixed j € N there 
holds 

Ejifi) < “^ + h-f + ® ^ as/3 —>■-boo. 

In order to prove Lemma ED we remark that one can represent := (g) 1 -b 1 (g) , where 

= (1 + Ca)Lg -b Ca and is the self-adjoint operator in L^(—a,a) associated with the 
quadratic form 

/ a 

\v'{t)\^dt — /3|u(0)|^. 

-a 

By m Proposition 2.4], for /3a > 8/3 the operator has a unique negative eigenvalue, and 

- — < Ai(T^) <-—+ 2/3^ 

4 “ 4 

At the same time we have Aj{Lg) = (1 -b Ca/p,^ -b Ca, and do not depend on a. Therefore, if 
a is small and both [3 and /3a are large, one has 

< - Y + 2/32e-^“/2 -b /if -b Ca(l -b /if) (2.5) 

for all j with (1 -b Ca/pif -b Ca < — Ai(T'°). Therefore, if j is fixed, j3 is large and 

a := C/3"Mog/3, ^ > 6 , (2.6) 

we have 

A,(i?^)<-i/32 + /if+ o(i^), (2.7) 

and Lemma ED is obtained by the substitution into ( 12 .4|) . 

Remark 2.2. For a later use, we remark that a similar approach can be applied to other related 
operators. Namely, for sufficiently small a > 0 (supposed to be less than one in order to avoid a 
notation conflict), consider the surface 

Sa = { 2 : G 5'i : distsi( 2 :,S') < a}, 

where dists^ is the distance measured along the geodesics of ^i, and denote 

Ea=F{SaX{-a,a)). (2.8) 

Denote by Hff the self-adjoint operator acting in LfiEa) generated by the quadratic form 

^f(M,w) = ^^ \Vu\'^ds- 13j liipdcr, V{h^) = 
then using the same computations one obtains, with a chosen as (E1D> 

A,(i7f) = -\/3^+ nf{a) + , (2.9) 

where /rf (a) is the jth Dirichlet eigenvalue of — As + K — on Sa- 

3. Eigenvalue asymptotics with a weak remainder estimate 
In the present section we are going to prove the first part of Theorem II.II 

Proposition 3.1. Assume that S has a compact Lipschitz boundary, then for any fixed j G N 
there holds Ej{/3) = —/3^/4 -b /if -b o(l) as (3 ^ -boo. 

We recall that in this claim we have no control over the remainder. On the other hand, we 
impose here quite weak assumptions concerning the regularity of the boundary of S, and our 
approach is quite robust; we expect that it can be adapted to similar problems like the strongly 
attractive ^'-interactions with minimal effort. In view of Lemma ED we just need to establish a 
suitable lower bound for Ej{l3), which is done in the rest of the section. 





5 


3.1. A one-dimensional operator. Let us keep the choice made in (12.611 for a and denote by 
the self-adjoint operator in L?{—a, a) associated with the quadratic form 

t^{v,v)= f Iri'pdt —/3|n(0)|^ — C'r|u(—a)|^-I-|n(a)|^V V{t^) = H^{—a,a). 

J —a ^ ' 

As shown in [m Proposition 2.5], for /3 —>• -foo we have 

Ai(T'^) = -i/3' + o(^), A2(r'^)>0. (3.1) 

Let ipj denote normalized eigenfunctions corresponding to the eigenvalues Aj{T^) and let Pj be 
the orthogonal projectors on C(pj in Lp'{—a, a); we recall that all the eigenvalues of are simple. 
In virtue of the spectral theorem for self-adjoint operators we have the inequality 

> Ai(r^)||Piuf + A2(r^)||(i - Pi)H|2 

= Ai(r^)||nf + (A 2 (T^) - Ai(T^)) 11(1 - Pi)v\\^ , v £ V{t ^), 
which can be rewritten as 

/ \v'\‘^dt-/3\v{0)\‘^-C(^\v{-a)\^+ \v{a)\^'\ - Ai(T^) f jup dt 

J —a ' ^ J —a 

> (A 2 (r^)-Ai(r^)) / |(l-Pi)n|"dt, v&H\-a,a). (3.2) 

J —a 


3.2. Minoration of the quadratic form. We denote 

n-= Six's, S := fl X (-a,a) = El \S. 

By regrouping the terms in the expression for we obtain 

b^{u,u)-Ai{T^)\\u\\l.^^^^ 

= (1 - Ca){djU, g^^dku)+ {u,{K - 

+ l|5tM||i2(s)-/3 JJ^\u{s,0)\^da 

-C (^|u(s,-a)|% |M(s,a)|^)dcr - Ai(T^)||u|||2(s) (3.3) 

+ l|5tM||i2(H) (h(s:-a)|^ + |M(s,a)|^)dcr-Ai(T^)||n||| 2 (H) 

- Ca{u, {K -M"^ + 1)m)l2(Si)- 

To simplify some terms on the right-hand side we use the identification P^(Ei) = L^(S'i) 0 
LS[—a,a). Consider the orthogonal projector Hi := 1 0 Pi in P^(Ei). Using first (13.21) and 
then the asymptotics dSU, for any u G P^(E) we obtain, as (3 is large, 

I|5tw||i2(s) ~ ^ |u(s,0)|^dCT- C (|M(s,-a)|^ + |M(s,a)|^)dCT - Ai(P^)||m||| 2 (s) 

> (A 2 (r^)-Ai(r^))||(i-ni)n||i 2 (s) 

>^||(i-ni)«||i2(s). 

Furthermore, using the Sobolev inequality [B Lemma 8], 

h(-«)r + ^ 4a||u'||i2(_,,_,,) +2a-i?;|li2(_,,_,,) for any v G H\-a,a), 


(3.4) 
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and then the asymptotics (EID, which gives 


||atu||^2(H) - C ff (|M(s,-a)|V |w(s,a)|^)dCT- 


> (1 - 4Ca)\\dM\UE) - 2Ca-i«||i2(H) - 


> (-Ai(T'^) 


Oog/3 


= ^l|niM||i2(5:) + ^11(1 - ni)u|||2(H). 


(3.5) 


Finally, we have 


(3.6) 


|(m, {K - M + 1)w)l 2(£^)| < Fl||u||i2(Sj) 

with E := \\K — + 2. Substituting now (13.41) . (13.51) and dSH) into (1531) we conclude 

that for large /3 one has 

-Ai(r") >C;3, (3.7) 

where cp is the quadratic form given by 


cp{u,u) := {l-Ca){djU,g^^dku)L-^(j:^) + {u, {K - M‘^)u)- CaE\\u\\l 2 (^s^) 

+ “ ni)u|||2(2i) + ||niu|||2(s)^ , 'D{cp) = H^{Si) 0 L^(-a,a). 

Denote by Cp, /3 > 0, the self-adjoint operators associated with cp. Since our argument involves the 
min-max principle we have to pay attention to the essential spectrum, noting that these operators 
have no longer compact resolvents. To estimate the essential spectrum threshold, we simply drop 
the last non-negative summand and write cp > dp with 

dp{u,u) := {l-Ca){djU,g^^dku)L 2 (j:^) + {u,{K - M‘^)u) 

— C'a£’||u||| 2 (Sj) -b ^11(1 — ni)M||| 2 (Si) ! Td{<^'p) = 77 ^( 51 ) ® L^{—a,a ), 

which means that the self-adjoint operators Cp associated with dp can be written as 

C';j = L^(g)l-b 10^(1-Pi), = {I - Ca)[-d,^) + K - M'^ - CaE , 

the operator — being the Neumann Laplace-Beltrami operator in Ld{Si) associated with the 
form H^{Si) 9 m >->■ {djU, g^^dku )We note that the operators Lg have compact resolvents 
and they are uniformly semibounded, Lg > —E for all sufficiently large /3, and their jth eigenvalues 
behave, as j is fixed, as Aj (Lg) = Aj{—Ag + K — M^) -b 0{a). On the other hand, the spectrum 
of the transverse part 1 — Pi consists of a simple eigenvalue zero and the infinitely degenerate 
eigenvalue 1 , which gives 

o 2 

inf aess(Cp) > — -b inf (7(Lg ) > -r- E —>■ -boo as /3 —>■ +oo . 

0 0 

As Cp < Cp, this result means at the same time that 

inf cress(C'/ 3 ) —>■+00 for/3 —>•+ 00 . (3.8) 

In view of (I3T1) and the min-max principle, we then have, for each fixed j, 

AAB^ > Ai(T^)+A,(Cp) = -l/3^+A,(Cp)+oQ) . 


(3.9) 
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3.3. Passing to a common Hilbert space. In order to deal with a family of forms acting on 

a fixed Hilbert space we denote G ■= L"^{Si) 0 and introduce unitary operators 0, 0, and 

orthogonal projectors ki, Ki as follows: 

e : L\-a,a) ^ {9f){j) := (v^,,/), j G N, 

0 : L^(S'i) 0 L^(—a, a) —>■ C/, 0 := 1 0 0, 

Ki : £^(N)-)> Cei, Ki/:=/(l)ei, 

Ki : L^iSi) 0 £2(N) ^ L^iSi) 0 Cei, iGi := 1 0 ki 

where ei = (1,0, 0,...) G t'^(N). Finally, we introduce the natural identification operator 

I :L^{Si)(S)Cei^ L'^iSi). 

One easily checks that the operators Cp := QCpQ* are those associated with the quadratic forms 
cp{u, u) = (1 - Ca){djU,g^^dku)g + {u, {K - M‘^)u)g - CaE\\u\\g 

+ t(\\(l-KM\l + \\IK,u\\l.^^^), Vicp)=H\S,)^e\N). (3.10) 

In view of the unitary equivalence between Cp and Cp, Eqs. (13.Sp and (13.91) imply 

A,(Bf) >-\l3^ + A,{dp) + o(i) , (3.11) 

inf aess{Cp) — >■ +00 as f 3 ^ +oo . (3-12) 

3.4. Convergence of forms. Recall that we have defined E := \\K — + 2. One can 

pick a Po sufficiently large so cp > —{E — 1) holds for /3 > /3o and cp^ > cp^ for (32 > (3i > /3o, 

which implies by [THl Theorem VI.2.21] that 

{dp^ +E)~^ < {Cp, +E)~^ <l as ^2 > /3i > /3o • (3.13) 

Consider the quadratic form 

q{u,u) = sup cp{u,u) , E>{q) ■= (uG (| Vicp) : sup cp{u,u) < +oo > . 

/3>/3o I p^p^ /3>/3o J 

It is known, see [121 Theorem VIII.3.13a], that q is closed, and hence it defines a self-adjoint 
operator Q > —{E — 1) acting in the Hilbert space C := T’(g), the closure being taken in the 
topology of G, and ii t : G ^ E denotes the orthogonal projection, then 

{Cp + E)~^ ^ t*{Q + E)~^t strongly as/I—>■-boo , (3-14) 

cf. [221 Satz 3.1]. Furthermore, by [231 Satz 2.2] we have also 

T*{Q + E)-^T<{Cp + E)-^ for all/3 >/3o . (3.15) 

In view of the explicit expression for 'D{cp) we see that u G 'Diq) if and only if n G H^{Si) 0£^(N) 

such that (1 — Ki)u = 0 and \\IKiu\\l 2 (^q-^ = 0. The first condition says that u is of the form 
u = / 0 ei with / G iJ^(S'i) and ei = (1,0, 0,...) G £^(N), and then the second condition tells us 
that the function / must verify j]/j|| 2 (f 2 ) = 0. As we supposed that the boundary dS is Lipschitz, 
we have 

(/ G H^{S,) and = O) iff / G H^{Si) := {/ G H\S^) : f\s G H^{S), f\n = O} . 

Using the unitary operator J : Hq{Si) —?> Hq{S), J/ = /|s, we may write 

T^{q) = {/ 0 ei : / G i?o'(*5i)} = {J*/ 0 d : / G H^{S)} = K*J*J*H^{S). 




If B u = J*f iS> ei with / S Hq(S), then / = JIKiu. Substituting into (13.1011 we observe 
that the last summand equals zero and that the factor Ca = C^/3“^log/3 vanishes in the limit 
/3 —)• + 00 , so we arrive at 

q{u, u) = {dju, + {u, {K - 

= {djU,g^^dku)L‘2(^) + (u, {K - M^)u)l2(s) 

= {djf,g^'^dkf)ms) + {f,{K-M^)f)L.^sy 
Comparing this to (11.11) we conclude that Q = K^I* J*Lg JIKi. 

3.5. Convergence of eigenvalues. In view of Eqs. (I3.13p . p.l4l) . and (13.151) . the operators 
Fp := E — (Cp + E)~^ form a monotonically increasing family converging strongly to the operator 
G := E — K^I*J*{L^ + E)~^ JIKi as /? —>■ +oo. Furthermore, for any e > 0, all these operators 
have by (|3.12p no essential spectrum in (—oo, F — e) if ,5 is sufhciently large, and by [53], we have 
for any fixed j with Aj (G) < E — e the convergence 

Aj{Fp) —>• Aj(G) as /3 —>■ +oo . (3.16) 

On the other hand, for any fixed j we can find e > 0 with Aj{Q) = Aj{Lg) = — E, and 

A,{G) = E-{pf + E)-^ <E-e, A.^Ep) = E - {A,iCp) + E)-\ (3.17) 

which means that the convergence (13.161) holds for any fixed j. Substituting ()3.17ll into (13.161) we 
deduce Aj{Gp) = gf + o(l) for /3 —>■ +oo, and (13.111) gives then Aj{Bi) > + gf + o(l). In 

combination with ()2.4I1 and Lemma [2.11 this concludes the proof of Proposition 13.II 


4. Eigenvalue asymptotics with an improved remainder 


4.1. Scheme of the proof. Let us turn to the improved remainder estimate in Theorem ll.il So 
far we have proved 

— ^+gf + o(l) < Ej{P) < —^ + gf + 0[j3 ^ log/3) 

holds as /3 —>■ +oo. Now we are going to improve the lower bound to the same order of error term, 
G(/3“^ log/3), as the upper one provided we adopt stronger assumptions on the regularity of the 
boundary. The estimates will closely follow the procedure used in m for an interaction supported 
by finite planar curves. We provide first the main steps of the proof, and the technical details will 
be presented in separate subsections below. 

Our first aim is to estimate the decay of the eigenfunctions of H with respect to the distance 
from S. For this purpose, we will use an integral representation of the eigenfunction, which was 
obtained in Corollary 2.3 of [Bj: if A < 0 and u £ ker(i7 — A), then one can represent 

■h{s)da{s), (4.1) 


u{x) = 


47r|a; — 


where h £ L'^{S) is a solution to the integral equation 


h{t) = /3 


=-\/W+-s| 


■ h{s) da{s). 


(4.2) 


IS 47 r|t-s| 

In the rest of the section we are going to establish some relations between the above functions u 
and h. We remark that if u and h are related by 6ID, then, for almost every x £ there holds 

b(^)| ^ o\ ll^lluqs), 


47 rdist(x, S) 


|Vu(x)| < 


1 

471 




1 


D-\/W'iist(x,S) 


(4.3) 


iLi(S) 


dist(x, S) J dist(x, S) 

where dist is the usual distance in K^. Therefore, in order to estimate the decay of the eigen¬ 
functions u of iL, it is sufficient to have a suitable bound for the norm of the associated functions 
h. 
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For sufficiently small S the map F given by (EU is a diffeomorphism between S x {—S, (5) and 

:= {s + tv{s) : s € S, t € (—d, d)}. (4.4) 

Hence, for a given function u defined on S we define the function uq on B^ via 

uo[s + ti/{s)) :=u(s). 

The following assertion is of crucial importance for the subsequent analysis, and it is the most 
technically demanding part of this paper. Its proof by direct calculations is given in Subsection 14.21 
below. 


Lemma 4.1. There exist positive constants C\, Ci and Sq with the following properties: if S G 
(0,do) and X < —C'i(log(5)^ and u and h are related by (14.111 . then ||mo — < C 2 \\h\\]^ 2 (^gy S. 

Assume now that it is a normalized eigenfunction of H, then Lemma 14.11 is used to obtain an 
upper bound for the norm of h, which gives then a pointwise upper bound for u using 

Lemma 4.2. Let j G N be fixed and u be a normalized eigenfunction of H for the eigenvalue 
Ej((3). Let h be associated with u by (14.ip . then ||/i||j;^ 2 ( 5 ) = 0(/3^) for large /3. 

Proof. We have 


1 = II'w||l2(r 3) > ||M||z, 2 (g^) > ||mo||l 2 (b,) - ||m - Mo||l 2 (h^). (4.5) 

Using the equality h = I3u\s, see (14.11) and (14.2L we get for 6 small enough 

II^oIIl2(b^) > - J ^II^IIl2(s)- 

Now we take S := with A > 0. By Lemmata 12.11 and 14.11 for sufficiently large /3 we have 

ll^^o — M|li 2 (B^) < ( 1 ^ 211 ^ 1 ^ 2 ( 5 )(5. Therefore equation (14.51) reads as 

1 > (r'V5-C2d)||/t||i2(5) = ^(l- ^)||/i||^3(5). 

and the choice A = 2 C 2 gives ||/i||i 2 ( 5 ) < 4 ( 72 / 3 ^. B 


The result of Lemmawill be now used to obtain a new two-side estimate for the eigenvalues. 
First we define one more auxiliary operator as follows. For e > 0 consider the set 

©E = {z S : dist(z, S) < e} (4.6) 

and the self-adjoint operator ATg acting in L^( 0 e) generated by the quadratic form 

ks{u,u) = Iff \Vufdx-f) [[ lul^dcr, T>(fce) = Tig (©e) ■ (4.7) 

JJJee JJs 


Since the eigenfunctions of H decay fast with the distance from S', one conjectures that the eigen¬ 
values of H are close to those of Kg in a suitable asymptotic regime. Our aim is now to put this 
guess on a more solid ground. Let us start with a technical preliminary. In what follows we denote 


k\og/3 - , 1 1 -I- fc log /3 


(4.8) 


where fc > 1 is a constant that will be chosen later. Moreover, let 7 G C°°(R) be such that 7 ( 5 ) = 1 
for s > 1, 7 ( 5 ) S (0,1) for s G (0,1), and 7 ( 5 ) = 0 for s < 0. For large /3 set 


5/3(2;) 


f /^log(dist(a:,a© 5 ))-blog /3 \ 

H——+') 

[0 for a; ^ ©5 . 


The function gp is absolutely continuous and its gradient 'S/gp(x) = {digp(x)^d 2 gi 3 {x),d^gp(xyj 
exists for almost every x. 

The following result is obvious: 
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Lemma 4.3. For large (3, the support ofVg^ is contained in the set 

n{P) := 05 : < dist(a:,a05) < 

and ri(/3) fl 0^ = 0. 


Next let us fix an arbitrary > 1 and consider an orthonormal family (Mj,/ 3 )j=i,...,Ar of eigen¬ 
functions of H for the eigenvalues Ej{P), j = 1,... ,N. Introduce their cut-offs 

4’j,p ■= gpuj^/s- 

Remark that gp G Hq{Qs) and that gp and Vgp are bounded by (14.151) below and Lemma H31 
which gives the inclusions (j)j ^0 G Hq^Qs)- 

The proofs of the following two Lemmata are given in Subsections I4.dl and 14.41 respectively. 

Lemma 4.4. For any N G N and /i > 0 there exists ki > 0 such that for any k> ki in 63 and 

any j,l = 1,..., N there holds 4>i,p) ~ Ej{l3)5jy \ < /3“^ as ft is large. 

Lemma 4.5. For any TV G N and /i > 0 there exists K 2 > 0 such that for any k > K 2 in dMl) and 

any j,l = there holds \{4>j,i3,4>i,i3) L^(es) ~ P 

Now we can compare the eigenvalues of H with those of Ks as follows: 

Lemma 4.6. Let j G N fee fixed, then for any g, > 0 there exists kq > 0 such that for any k > kq 
in (14.8|) there holds Aj{Ks) — < Ej{j3) < Aj{Ks) as f is large. 


Proof. By the min-max principle we have 


A,iKs) 


ks{u,u) 

mm max -r —^ -. 

u<zHl{e,) «g;7\{0} 
dim U—j 


(4.9) 


As the extension of any function from F[q{Qs) by zero belongs to the form domain of F[, we have 
immediately Ej{f) < Aj{Ks). 

Let U be the subspace spanned by the 4 >n,i3 with n = 1,... ,j. By Lemma l4.5l one has dim U = j 

for large (3. Let H-1- =: f G U, b = (fei, ... ,bj) G 0. Due to Lemmata 14.41 and 14.51 

one can find fco > 0 such that for k > kg we have for sufScently large f 

(i-cr^)ii&i|2, < (i + cr^)iife||2,, 

j 

ks00)<Y2EnW)\bnf + cr^\\bfa < (E0) + cr^)\\h\\i,, 


where C > 0 is independent of fe and f. Using i < 1 — Cf3 < 1 and Ej{f) < 0 for /3 sufScently 
large we get 

ksif0) ^ E,m\b\\h C/3->^\\b\\lj E,mb\\h Cf->^\\b\\l, 

ll'^llL2(e5) (l + C'/3“'^)ll^llcj (l “ C'/3“'^)ll^llc3 

= E0) (^1 - + 26 '/?-'^ < E0) - Cr^E.if) + 2Crr 

Testing on the subspace U in (14.91) and using Ej{j3) = 0(/3^) we obtain Aj{Ks) < Ej{l3) + , 

where Ci > 0 is independent of /3. As g > 0 can be chosen arbitrary, the result follows. □ 


Lemma 4.7. Let the surface S be with a compact 0-boundary, then for each fixed j there holds 
Ejifi) > —/3^/4 -I- g^ 0{l3~^ log/3) as fi ^ -boo. 

Proof. For sufSciently small a > 0, consider the surface = {z G S'! : distg^ (z, 5) < a}, 

the distance dists^ being measured along the geodesics of and let gf{a) be the jth Dirichlet 

eigenvalue of — -b AT — on Sa. It is a standard result of the domain perturbation theory, 
see e.g. that each a i—>■ gf{a) is Lipschitz for small a, in particular, 

gf{a) = gf -GO{a). 


(4.10) 
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Define 

Ea ■■= F{Sa X (-a,a)) = {s + v{s)t : s G Sa, t G (-a,a)} 
and denote by the self-adjoint operator in L?{Ea) generated by the quadratic form 

= \S/u\^dx- P lupdcr, V{h^) = Hl{Ea). 

Choose /c > 3 to obtain the estimate of Lemma 14.61 with /i = 1 and set 

1 -I- A: log /3 2k log /3 

<5:= ^ , a-.= ^—, 

For large /3 we have the inclusion 0^ C and the inequalities Aj{H^) < Aj{Ks). Due to the 
Lemma [4.61 and our choice of k we have Aj{Ks) < Ej{P) + Furthermore, the operator 
can be studied using the separation variables (see Remark 12.21) , which gives 

) = -/3V4 + ' log;9) = -/3V4 + + 0(r' log;9), 

where we used (|4.10F Putting together the three inequalities for the eigenvalues one arrives at 

-/3V4 + ' log/3) = ) < A,{Ks) < E,{f]) + r\ 

which gives the sought estimate Ej{P) > —/3^/4 + fi^ + log/3). □ 

Theorem 11.11 is now completely contained in Lemma 12.11 Proposition 13.11 and Lemma 14.71 


4.2. Proof of Lemma 14.11 We assume first that the surface Si can be covered by a single map 
4> : Di —>■ C where Di C is an open set and $ is C"*. Denote D $“^(5'). Remark 
that then there exists a bounded function i? : D —R^ such that 


<^{z) = $(j/) -b -y) + R{z, y)\z - j/p 

holds ioi z,y G D, where is the differential of $. Recall that 


(4.11) 


da{s) = 


9$ 9$ 

dyi dy 2 


dyidy 2 = \/g{y)dyidy 2 for s = $(yi,?/ 2 )- 


Furthermore, the map D x {— 6 , 6 ) 3 {y,t) i-)- 4'(y,t) := $(i/) +ti'{^{y)) £ is a diffeomorphism, 
and one can find m > 0 such that 


|4'(2/,t) - 4'(z,s)|^ > (^\y - z\^ + \s - for {y,t),{z,s) G Dx (- 6 , 6 ). 

For xo G S, set y := $“^(a;o) G D and x := 'i’{y,to) G B^ with |to| < 6 . We have 


(4.12) 


uo'^{y, 0 )-uo'^{y,to) = - J dt{uo'if){y,t) dt = - (wu{'if{y,t)),ix{xo)'^ dt. (4.13) 

Using 63) we estimate 


Vu{x),i^{xo) 


1 

< — 

47r 


S L 




X - s 




\X — S' 


h{s)\ ■ (x - s,v{xii)'^ 


ds. 


and with the help of (14.121) one estimates, for z £ D, 


\^iy,t) - $(z)| = |4'(y,t) - 4'(z,0)| > ^{\y - z\ + |t|) 

and denoting u}{z,y) := —(^R{z,y),i'{xo)) with R from (14.111) we get 

(4'(y, t) - <^{z),i^{xo)) = ($(?/) -b ti^{xo) - ^(z), v{xo)) = {^(y) - ^(z), i^{xo)) +1 

= { - ^'{y){z -y)- R{z, y)\z - yp, v{xo)) + t = lj(z, y)\z - yp -b t, 
and we note that ||w||oo < l|3?||oo- Hence, 

=-y3^(|y-^l+|t|) 


67u{x),v{xo) 


1 

< — 

Ait 


D 


v13- 


U2 


(|y-z| -b \t\) 


m^{\y — zp -b |tP) 


/i($(z)) • t-bw(z,y)|z-yp ■ i/g{^ dz . 
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Denote ^ := m^\\\/2, Cr := max{l, ||-R|loo, and introduce ^ —>• M by 

~ _/|/r($(z))|-vW forzGD, 

\0 forzGR2\D. 


Then the preceding inequality takes the form 




< 




47rm^ 

and using the functions Ft,Gt : 


R2 


v1^ + 


p (z) •= Gt(z) ■= 

|2|2 + |t|2 ® 


\y-z\ + \t\\ |y-zP + |tp 




it can be rewritten as 

I (Vw(x), 




47rm^ 


V^(Ft*h)(y) + (Gt*h)(j/) 


where * means the convolution in L^(R^). Denoting Cd '■= \/|| det 'I"||oo and combining the pre¬ 
ceding estimates we then obtain 


-aW'^o - = ^11 [mo o - u o «-]. \/|det4"| 

< // \uo^{y^0) - uo^{y^to)f dydto 

J-s J Jd 


l-S J J D 

p 5 r r \ /•to 


< 


LsJJd 

rS /•Itol f f / \ 

JJ (\7u{'i/{y,tsgn{to)),i^{xoy 


IJ°'i 


dydto 
2 


dy dt dto 


< 2 

< 2 


dTTTO^ 

Cp 

47rm^ 


-2fj.\t\ 


rto 

to e 
0 Jo 

S fto 
to / 

0 Jo 


dy dt dto 


We have 


-b jtj 

-b jtp 


[[ V\M{Ft*h){y) + {Gt*h)iy) 

J JR2 

(\/i^ ll^t * ^IIl2(r 2) -b ||Gt * h||i2(R2)^ dtdto- 

(4.14) 


r < r -b 1, and the Young inequality gives 


ll^t * ^||l 2(R2) < ||Ft||il(R2)||h||i2(R2) < llff'* ||oo||/l||L2(5)||Ti||il(R2) 


< 27r||6f4||^||/i||^2(g) / ^ 2^1 12 -e dr < 27r||g4||^||fe||^,(g^ f (r-b 1)€ 

do ^ + hi Jo 


dr. 


If A < we have /r > 2 and therefore = ^ • ^ < ^ < for all t G R. Hence 


||Ft*h||i2(R2) < 27ri^-||g4||^||/i||^2(5) < 27r||g4||^||/i||^2(g^e^l‘l- 

d rny'\X\ 


Furthermore, 

l|Gt * h||L2(R2) < ||Gt||il(R2)||h||^2(R2) < 27r||54||^ 

As • 2^r < ^ < we have for > 2 


1 


J.2 _|_ 


r+\t\ r2-b 


dr. 


1 


-b 


/o r-b|t| r 2 -b |t |2 


dr < 


r -b 1 


-rG-\t\) dj, — g/4|i| 


'\t\ 


/ e-f^''dr+ / - 

/b| d|t| ^ 


dr 


<e'^ldl__+^ -dr + J =e^l‘l -log |t|— j < e'^'d (1 - log jtj). 
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This leads to 


\/|A[||Ft * /i||i 2 (R 2 ) + \\Gt * /i||i 2 (j{ 2 ) < 2T:\\g‘^ ||oo||/i||i 2 ( 5 )e'^l‘l (-hi — log |t| | . 


The substitution into (14.1411 gives 

2 


j IIV5l|oo||/l||i2(s) J *0 J (logt-logCm)^ dtdto 


dt dtr\ 


y/2{ 


with Cm ■= Assuming now that ^ > to is sufficiently small we have 


rto 


(logt -log CmY dt = Cm / (log s)^ ds = s(log S - 1)^ + S 


J 0 


and 


f to f (logt-logCmy dtdto < [ dto = < 5 ^. 

Jo Jo Jo ^ 

Hence there exist Aq < 0 and (5o > 0 such that for A < Aq and 6 G (0, Jq) we have 


Iko - m||l 2 (Hj) < <^11^1^2(5)1^, c := 


2'm? 


\\r 


For the general case (S'! is not covered by a single map) we represent = U^=i where 
each S°‘ is covered by a single map : D°‘ —>■ S°‘. Furthermore, represent h = hi + ■■■ + hjy, 
where the supports of ha have only zero-measure intersections in S and such that the support of 
each term ha is contained in S°‘. Without loss of generality we may assume that for sufficiently 
small (but fixed) p > 0 there holds |s — a;| > p for s G supp/i^, x G Ba \ F(5'“ x (—5,(5)) 
with any a; here F is the map given in (EH). Consider the functions associated with ha by 
(14.11) and represent + (1 ~ Xa)u°', where Xa{s + tiy{s)) = 1 if s G S'", otherwise 

Xa(s -|- = 0. Now we pick an arbitrary a. According to the first part of the proof we have 

11 X 0(110 ~ ii“)IU 2 (b^) < <^^11/1011^2(5)5 if (3 is large and 5 is small, with some C > 0 common for all 
a. On the other hand, due to EH, for any x € B 5 \ supp Xa we have 

g \/-—g 

|w“(a:)| < II^oIUts) < VareaS" \\ha\\L^(S), 

which gives 


||(1 Xa){uQ U )||i2(gj) < ||(1 Xa)Mo ||i2(gj) + II (1 Xa)u ||52(g^) 

^ ^ S /- f— 

< 2V^^^— -y25(areaS)+0(52)||/io|E2(5) < - e-'^^VSHhah^is)- 

47 rp ' ' 7 rp 

Taking A < —C'i(log5)^ with a sufficiently large Ci > 0, which can be chosen the same for all a, 
gives ||(1 - Xa)(uo - Ma)|| 52 (B^) < <5||/ia ||l 2 (s) and 

\\Uo - U°‘\\l^Bs) < ||Xa(Wo - w“)|| 52 (B,) + || (^ “ Xa)(Mo “ «“) ||^ 2 (b,) ^ (<^ + || L2(S) ■ 

Finally, 

N N 

||mo - u||l2(b. 5) < E iw - s E ll'■"l|pp) = <c+i)«iikiu.(g,, 

Q; = l a=l 

which gives the result with C 2 '■= C + 1. □ 
















4.3. Proof of Lemma 14.4L Let us first give a preliminary estimate: 

Lemma 4.8. There are constants Ci, (72 > 0 such that the following relations hold for large (3: 
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/n(/3) 

Proof. For cc G 0^ we have 


\Vgp{x) \ dx<Ci, 


n(/3) 


\S/gi 3 {x)\^ dx < ( 72 / 31 og^. 


o , , , /^log(dist(a:,a 05 ))+log/3 

dx.gpix) = 7 — ^^ -+ 1 


1 


9a:fcdist(x, 905) 


log(log/3) ' log(log^) dist(x, 905 ) 

Since |9a;j,dist(a;, 905 ) | < 1 and || 7 '||oo < oo one can find a constant C > 0 such that 

(7 1 


|Vff/ 3 {a:)| < 

and consequently, for v € { 1 , 2 } we get 

& 


log(log/3) dist(a:, 905 ) 


(4.15) 


n(/3) (log(log/?))'' y 77 n(; 3 ) |dist(a;, 905)1'- 


1 


dx 


< 


Cv 


(log(log^))‘ 


C. 


— dr 


f 1 T 

0 log 0 


with a certain constant > 0. Indeed, note that the normal variable t is the distance of points 
X G B 5 to 5", and similarly for the points in tubular neighborhoods of the (7^ arcs forming dS and 
the balls centered at their junctions. Evaluating the integrals, 


1 


I 1 r 

0 log 0 


dr = log(log/3), 


f 1 

0 log 0 


dr = -9 + 9 log 9 , 


we arrive at 


\Vgii{x)\ dx < ( 7(75 , 

/n(/3) JJJniP) 

which proves the claim of the lemma. 




\Vgfi(,x)Y dx < ( 7^(75 


(log(log 9 ))' 


<c^C59iog9, 


□ 


Now we are ready for the proof of Lemma l4^ Remark that by Proposition l3.ll for any constants 
0 < Li < 1/2 < L 2 , and all j = 1,..., TV there holds 


— < Ej{l3) < —Lf/3^ for large 9 - 


(4.16) 


For the sake of brevity we set 9 := 9 j ./3 and ip := 9 i ,/3 as well as u := Uj^js and v := and 
moreover, A := Ej{/3) and fj, := Ei{/3). Using 


(V-u, V-!;)i 2 (R 3 ) - 9 II u-vds = Ej{/3)Sjg, 


we get the identity 


(V9j,/3, V9j,/3)l2(r3) - 0 11 4>i,p ■ (pupds - Ej{p3)5jg 


= (V9, V' 9 )L 2 (es) - 9 11 ds- ( (Vu, Vt))i, 2 (R 3 ) - 9 JJ^u\s-v\s ds 

= -(Vu, Vu)l2(r3) + (V9, V'(/')L 2 (ej) . 
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We have 


(V(/), VV^)i2(e5) = 111^ (yg 0 {x) ■ u{x) + gi 3 {x) ■Vu{x)'^ ■ (\7gfi{x) ■ v{x) + g 0 {x)-Vvix)^ dx 
^ |V 5 / 3 (a;)P • u{x)v{x)x + Idpix)]'^ ■ (vu(a;) • Vv{x)"j dx 

u{x)gi}{x)(Vgi 3 {x)-Vv^x)^ dx + gp{x)v{x){Vu{x)-Vgpix)^ dx , 


hence, 


(V(?i, VV’)L 2 (e,) - /3 11^(j)-Ip ds- Ej{/3)6jj 


=-(Vw, Vn)L 2 (R„\e^) + JJJ^ \Vgf 3 {x)\‘^ ■u{x)v{x) dx 

■ ^Vu(a;) • Vv{x)j dx + JJJ u{x)gi 3 {x)(^gp{x) ■ Vv{x)j dx 

+ III gp[x)v{x){Vufyx) ■ Vgp{x)^ dx =: Ii+l 2 +l 3 +h + h- 


+ 


- 1 


Denote by h and / the functions in L‘^{S) corresponding to u and v as in Eq. (14.11) . Using (14.31) 
and dist(a;, S') > S ioi x ^ <ds we get with ||h||i := ||h||ii( 5 ) and a := —(V—A + ^J—g) < 0 


I (Vu, V'(;)L2(R3\ea) I < 


< 


|VM(a;)| • |Vti(a;)| dx 






e“di«tU.S) 


R3\e5 


The integral on the right-hand side can be estimated in the following way: we choose R > 1 such 
that 01 is contained in the ball Br of radius R around zero, then we have for <5 < 1 


o“dist(a:,S) _ 


R3\ei 


o“dist(a;,S) 


R3\B2R 


r°° 4 

< 47r / dr -f e°‘^-Tr{ 2 Rf = 8 TTe°‘^ 

J 2 R 3 


e“di"tU:S) 

S2i?\©5 

1 - 2ai?-P 2a2i?2 ^^33 


e““ — ttR"^ =: A. 
3 


For large pS we have due to (j4.16l) 

— 2 L 2/3 < a = —{V—X + \/—g) < —2Li/3 and 


(1 + 2£2^)" ^ 2 
(2Li^)3 - 3' 


Since a is negative it follows 

l-2aR + 2a^R‘^ 2R^{l-a)^ 


< 


< 2R 


— q:'^ 


— 


3( 1 + 2 £ 2 / 3)2 ^ 4^3 
(2Li^)3 - 3 ■ 


which implies A < c(e“^ -I- e°‘^) with c := ^ttR?. Hence, 


l^i|< 




Now note that supp S/gp C D(/l) and D(/3) n = 0, hence 


\h\< 


06 


\S/gp{x)\'^ ■ |u(a;)| • |i;(a;)| dx 


< 


[[[ |V5/3(x)| = 

J J Jq{P) 


p —\/—A dist(a:,S') 

47rdist(a:, S) 


< 


^ — dist(ai,5) 

47rdist(a:, S) 

llill/lli e“d 


|i dx 


IGtt^ 


d2 


n(/3) 


\Vgp(x)\'^ dx. 
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As for /a, we note that gp{x) = 1 iff dist(a;, S) < d, and moreover, gp{x) < 1 for all x. This gives 


< 


l^al < /// lff/ 3 (a;)P - 1 • |Vu(a;)| • |Vn(x)| dx 


1 / 




1 


3 —-s/—A dist(x,S) 


Att ^ dist(a:, S') ) dist(x, S) 


dist(a:, S) / dist(x, S) 

p—yZ—fJ' dist(a:,5) 

"/111 dx 


dUlU 111 
IGtt^ 




I 


V^- 


©5\6d 

^ \ gO: dist(x,S) 


dist{x, S)J dist(a;, S)' 


dx 


< 




v^- 


1\ e° 


dj d^ 

Using supp V( 7/3 n ©d = 0 and \gp{x)\ < 1 we obtain 


©5\0d 


(1 - |ff/ 3 (a:)p) dx. 


1^41 < 


a(/3) 


|m(x)| • |Vg/ 3 (x)| • |Vw(x)| dx 


< 


< 


p—\/ —A dist(a:,S') 


n(/ 3 ) 47rdist(x, S) 


1 / _ 1 \ p-y/^d\st{x,S) 

■ ■ ^ fa (^+disiirs)) dist(x,s) 


and, similarly. 


141 < 


n(/3) 


a(/3) 


|V5/3(a:)| da;- 


Combining now all these estimates and realizing that 5 > d > 1/jd for large /3, so \/—\ + | < 
2 < (L 2 + l),d and analogically for g, we get 


B ■= 


(V/i, V'(/')L2(e,) - P 11Ip da-dj^iEj{P) 


< 


UIIJ 111 


IGtt^ 


{L 2 + 1)^ 


1 


fl 2 

— T 6^^] T- 


oCud 




cCtd 


05\©d 


(1 - |g/ 3 (x)| ) dx + 2/3— 


n(/3) 


'a(/3) 
|V5/3(a;)| dx 


|V 5 / 3 (x)p dx 


For sufficiently large /3 there holds 


( 1 - | 5 / 3 (a;)n < vol( 05 ) < 1 . 


0d\©d 

Using further Lemma 14.81 we can proceed with the estimate 


B < 


dUIIJ 111 
IGtt^ 


(A 2 + 1)' 


-/32 (e“« + e“^) + -- „ 

5 ^ ^ ' (L 2 +1)2 d2 


r^Ocd 


— C 2 P \ogP + P^ — + 2/3— Cl 


d? 


dP 


Using Lemma lU^ and the Cauchy-Schwarz inequality we obtain ||/i||i = 0{P^) and ||/||i = 0{P'^). 
With y < 3 , e°‘^ < e°“^ and < 1 we then get, for sufficently large /3, 


B < 


'•mil/ 111 

IGtt^ 


{L 2 + 1)' 


2 c “h 


Co 


{L 2 +1)- 


-l-1 -l- ICi 


-ttP < C— p 


dp 


d2 


for a certain C > 0. Substituting a := —{\/—X + p—g) < —2Li/3 and d = kp ^ log/3 we obtain 


oCid 


^p^ <k-^P^-^^^\\ogP)-\ 
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and the result of Lemma [4.41 follows by taking k sufficiently large. □ 

4.4. Proof of Lemma 14.51 We know that iuj^p^ui^p )= 5ji, hence we can estimate the 
expression in question as 


A := 




R3 


(l - gi 3 {xf)uj^i 3 {x)ui^p{x) dx 


< 


R3\ed 


\uj^p(x)up 0 {x)\ dx. 


As in the previous proof, set |lh||i := and ||/||i := ||/||z,i(s). In view of Eqs. (14.31) and 

(I4.16L for large /3 we have 


A < 


< 


dist(x.S) 


^-yy-Ei{P) dist(a:,S) 


47rdist(x, S') ^ dir dist(a:, S) 

g- il3) + y/-Ei (/ 3 )) dist( 3 :,S) ^ 


li dx 


Mimicking the proof of Lemma 14.41 one can check that 




g- 2 Li/ 3 dist{x,S) 


K3\ed 


^ — 2 Li /3 dist(a:,S') 


,-2LiPR , -2Lif: 


RAQd 


dx < c(e ■ + e 


with an i? > 1 such that 0i is contained in the ball Sr of radius R centered at zero. By Lemma 
we may estimate ||h||Ri( 5 ) < and ||/||li(s) < Cjd'^. As d = -v^e get 




and the result follows by taking k sufficiently large. 


-2Li/3R g-2-Li/5 


< 




167r^/i:^(log/3)' 


-{e-^L,0R^^-2L,k^^ 


□ 
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